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Abstract. In this article, we study pseudo-differential operators with a semi- 
quasiclliptic symbols, which are extensions of operators of the form 

F(D;a;x)4>= T' 1 (\F(H,x)\%T 

where a > 0, is a function of Lizorkin type and T denotes the Fourier 
transform, and F (£, x) = f (£) + £ fe c te (x) f fe <E Q p . . . , £„], where /(£) 
is a quasielliptic polynomial of degree d, and each cj. (x) is a function from 
Q™ into Q p satisfying | \c k (x) | £=o < oo. We determine the function spaces 
where the equations F(D; a; x)u = v have solutions. We introduce the space 
of infinitely pseudo-diffcrcntiablc functions with respect to a semi-quasiclliptic 
operator. By using these spaces we show the existence of a regularization effect 
for certain parabolic equations over p-adics. 



1. Introduction 

The p-adic pscudo-diffcrcntial equations have received a lot of attention during 
the last ten years due mainly to fact that some of these equations appeared in certain 
new physical models, see e.g. [H and references therein], [TJ and references therein], 
and references therein], [12]. There are two motivations behind this article. 
The first one is to understand the connection between the p-adic Lizorkin spaces 
introduced by Albeverio, Khrennikov, Shclkovich in [2] and the function spaces 
introduced by Rodriguez- Vega and Ziiniga-Galindo in [9j. In [5] and references 
therein] Gindikin and Volevich developed the method of Newton's polyhedron for 
some problems in the theory of partial differential equations. Since in the p-adic 
setting the method of Newton's polyhedron has been widely used in arithmetic 
and geometric problems, see. e.g. and references therein], [141 and references 
therein], it is natural to ask: does a p-adic counterpart of the Gindikin- Volevich 
results exist? This is our second motivation. 

In this article, motivated by the work of Gindikin and Volevich [5], we study 
pseudo-differential operators with a semi- quasielliptic symbols, which are extensions 
of operators of the form 

F(D;a;x)0 = F- 1 (\F(txXT(cj ) )), 
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where a > 0, is a function of Lizorkin type and JF denotes the Fourier transform, 
and 

F (£, x) = /(£) + E Cfc ( x ) C fc e Q p Ki , . . . , &J . 

where /(£) is a quasielliptic polynomial of degree <i, see Definition 13 - 1 1 and each 
Cfc (x) is a function from Q™ into Q p satisfying ||cfe(x)||ioo < oo, sec Definition 
14.11 We determine the function spaces where the equations F(D;a;x)u = v have 
solutions. 

In Sections [3j4j we study the properties of quasielliptic and semi- quasielliptic 
polynomials. We establish similar inequalities for the symbols like ones presented 
in [5], see Theorems 13. 101 l4~2l The techniques used in [5] cannot be used directly in 
the p-adic case, as far as we understand, and then we follow a completely different 
approach. 

In Section [5J we study equations of type f(D;a)u = v, whose symbol is a 
quasielliptic polynomial. These quasielliptic operators are a generalization of the 
elliptic operators introduced in [13] . see also [9], [6]. We introduce new function 
spaces Hp(Qp) which are constructed as completions of certain Lizorkin spaces with 
respect to a norm \\-\\p, see Definition l5.il The spaces Hp (Q™) are p-adic analogs of 
the function spaces introduced in [5]. We show that if v €E Hp_ a , with f3 > a, then 
f(D; a)u = v has an unique solution u g Hp, see Theorem 15.51 We also introduce 
the space H ao (Qp), which is the space of infinitely pseudo-differentiable functions 
with respect to f(D; a), we show that f(D; a) : H^ — > Hoo, 4> — > f{D; a)4> gives a 
bicontinuous isomorphism between locally convex vector spaces, see Theorem l5.9l A 
similar result is also valid for the Taibleson operator, see Remark 15.101 The space 
H x contains functions of type L„ * (x ■ £) e~ t|/(4)l ?d"^, L„ * (x ■ e~* llcll » d n £, 
see Sections 16. 1[ 16.21 which are solutions of the n-dimensional heat equation, [12] , 
0, HE], HO, see Theorem E31 and Remark EU 

By using the space H^, we establish the existence of a regularization effect 
in certain parabolic equations. More precisely, if f(D,a) is an elliptic pseudo- 
differential operator, or the Taibleson operator, and if <p <E L 2 (Qp) f~1 (Q™,C), 
then the solution of the Cauchy problem: 

^l + (f(D,a)u)(x > t)=0, xeQ p », t>0, 
u(x,0) =tp(x), 

u (x, t) belongs to floo, for every fixed t > 0, see Theorem 16.91 and Remark 16.101 

In Section[7]we determine the function spaces -ffrg m )j see Definition 1 7. 11 where 
the equation F(D; a; x)u — v has a unique solution, see Theorem 17.41 Finally, 
we construct the space of infinitely pseudo-differentiable functions with respect to 
F(D\ a; x), see Theorem 17.51 

We now return to our initial motivations. We introduce four new types of function 
spaces: Hp, H^, Hrp^ \, i?(oo.A/ )- Each space of type Hp contains a dense copy 
of the Lizorkin space of second class introduced in [2], furthermore, the spaces Hp 
are similar, but not equal, to the ^-singular Sobolev spaces T-L 1 introduced in [9], the 
other spaces are new. It is important to mention that the regularization effect in 
parabolic equations appear only in the spaces H^, and not in the Lizorkin spaces. 
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Finally, after the results presented here, we strongly believe that the geometric 
point of view of Gindikin and Volevich in PDE's have a meaningful and non-trivial 
counterpart in the p-adic setting. 

Acknowledgement. The authors wish to thank to Scrgii Torba for his careful 
reading of the paper and for his constructive remarks. 

2. Preliminaries 

2.1. Fixing the notation. We denote by Q p the field of p— adic numbers and 
by Z p the ring of p— adic integers. For x G Q p , ord(x) 6 Z U {+00} denotes the 
valuation of x, and \x\ p = p-° rd ( x ) its absolute value. We extend this absolute value 
to Q£ by taking ||x|| p = max, \xi\ p for x = (xi, . . . , x n ) G Qp. 
Let \f : Q p — s- C x be the additive character defined by 

* :Q P ^Q P /Z P ^ Q/Z ^C x 

b — > cxp (2-Kib) . 

Let V = Qp be the n— dimensional Q p — vector space and V its algebraic dual 
vector space. We identify V with Q™ via the Q p — bilinear form 

x ■ y = xiyi + . . . + x n y n , 

x e V = Qp, y e V = Qp. Now we identify V with the topological dual V* of V 
(i.e. the group of all continuous additive characters on (V, +)) as right Q p — vector 
spaces by means of the pairing VP (x ■ y). The Haar measure dx is autodual with 
respect to this pairing. 

We denote the space of all Schwartz-Bruhat functions on Q™ by S := S (Qp 1 ). 
For <f> £ S, we define its Fourier transform J-<f> by 

(W) (0=fy(-x-0<f>(x)erx. 

Then the Fourier transform induces a linear isomorphism of S onto S and the 
inverse Fourier transform is given by 

(j-V) (*)=/* 

The map 4> — > T§ is an L 2 -isomctry on L 1 nL 2 , which is a dense subspace of L 2 . 

A p-adic pseudo-differential operator f(D,a), with symbol |/|p\ / : Q p l — > Q p , 
and a > 0, is an operator of the form 

f{D,a)(4>)=F- 1 (\f\ a p H^)) 

for t/>eS. 

3. Quasielliptic Polynomials 

In this section, motivated by [5] and |13j . we introduce the quasielliptic poly- 
nomials in a p-adic setting and give some basic properties that we will use later 
on. 

Definition 3.1. Let /(£) G Q p [£1, . . . ,£ n ] be a non-constant polynomial. Let 
w = (wi, . . . ,w n ) G (N\ {0})™. We say that f (^) is a quasielliptic polynomial of 
degree d with respect to w, if the two following conditions hold: 
(Ql) f (A-^i, ■ ■ ■ , A w "£„) - X d f (0, for A G Q p x , 
W/(6.---^n) = 0^fi = --- = f„ = 0. 
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Given m e N\ {0}, we denote by (Qp) m the multiplicative subgroup of Q* 
formed by the m-th powers. 

Remark 3.2. (1) The elliptic quadratic forms are quasielliptic polynomials of de- 
gree 2 with respect to w — (1, . . . , 1), see [3] and [7]. The elliptic polynomials intro- 
duced in [13] are quasielliptic polynomials of degree d with respect to w — (1, . . . , 1). 

(2) If f (£i, . . . , £„) is a quasielliptic polynomial of degree d with respect to w, 

then (f (a,.. .,&,))" - r# +1> with g.c.d. (a,d) > 1 and r G % \ (Q p x )'" c '' lM 1 *s 
a quasielliptic polynomial of degree da with respect to (wi , . . . , w n , a) . In particular 
there exist infinitely many quasielliptic polynomials. 

(3) Note that if f (£) is quasielliptic then cf (£) , c £ Q*, is aZso quasielliptic. 
For this reason, we will assume that all quasielliptic polynomials have coefficients 
in Z p . 

From now on, we assume that / (£) is a quasielliptic polynomial of degree d with 
respect to w. 

Lemma 3.3. Any quasielliptic polynomial f (£) can be written uniquely as 

n d 
i=l 

where Cj 6 Z p \ {0}, i = 1, . . . , n, and ft, (£) € Z p . . . , £„], in addition, /i (£) 
does not contain any monomial of the form Ci£"* , for i = 1, . . . , n. 

Proof. By induction on n, the number of variables. The case n = 1 is clear. Assume 
by induction hypothesis the result for polynomials in n < k, k > 1, variables. 
Let / (£i, ■ • ■ , £fc> £fc+i) be a quasielliptic polynomial satisfying lemma's hypotheses. 
Note that 

/ (a, 6+0 = ^+1^0 + (a, ...,&), 

for some polynomials /i 7^ and /ii 7^ 0, since • • • > Cfc+i) i s quasielliptic. 
In addition ft-i (a, • • • , is a quasielliptic polynomial of degree d with respect to 
u/ = (w\, . . . ,Wk). Indeed, condition (Ql) is clear. To verify condition (Q2), we 
note that if hi . . . , £' k ) = 0, then . . . , f£) satisfies / . . . , £ k , 0) = and 
since /(£i, • • ■ , £fc+i) is quasielliptic, !;[ = . . . = = 0. By applying the induction 
hypothesis to hi (£1, . . . ,£k), one gets 

k d 

(3.1) / (a, ■ • ■ , a, 6+1) = £fe+i^o (a, ■ ■ • , &, + $>c + h * (a, • ■ • , 6) , 

i=l 

where c t 6 Z p \ {0}, £ e N\ {0} for i = 1, . . . , k, and h 2 (£) e Z p [^i, . . . , 

We now note that / (0, . . . , 0, 6+1) 7^ is a quasielliptic polynomial of degree d 
with respect to Wk+i and by the induction hypothesis with n = 1, 

(3.2) /(0,...,(Ufc+i) = c fe+ iCr =tf+iM0,...,<Ufc+i). 
The result follows from (|3.1|l - (|3.2|l by noting that 



^0 (£i ! ---,6b>& c +i) = ^0 (0, . . .,o,£ fc+ i) + /i 3 (6,- ■ • ,6,6+1) , 
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where (£1, . . . , £fc,£fc+i) does not contain any monomial of the form bk+iS,™^ 1 , 
and that 



£fc+1^0 ■ • , Cfe, Cfc+l) = Cfe+lCfe+l" 1 + ■ • • >&>6h-i)) 

where c fc+ i £ Z p \ {0} and /i 4 (£) e Z p . . . , £ fc , £ fc +i]- □ 

Definition 3.4. Following Gindikin and Volevich [5], we attach to /(£) the func- 
tion 



2(0 :=EI6I^ 



i=i 

3.1. A basic estimate. In this paragraph we establish some inequalities involving 
quasielliptic polynomials that will play the central role in the next sections. Wc 
need some preliminary results. 

Set T := {-1, 1}". Given j = (j u . . . ,j n ) e T, we define the j-orthant of Q™ 
to be 

Q; (j) - {(6, ■ • ■ , £„) G Q>rd (6) < & Ji = -1} . 

Note that if j = (1, 1, . . . , 1), then Q™ (j) = Z™. 
Define for I G Z, 

••■,£«) i-> (?7i,...,r?„), 

where 

r if ji = -i, 

% = S 

I C if ji = 1. 

Note that d(l,j)od(l',j) = d(l + whenever d(l' , j)(Q%{j)) C 

For set 

L^n.j := . . • , r/„) G Zp 1 ; there exists i such that j'j = —1 and ore? (rjj) < u>i — l} . 

Lemma 3.5. Let j (E T such that j ^ (1, 1, . . . , 1), then the following assertions 
hold: 

OQ 

C Ud(-l,j)U nJ ; 
(2) U n- j is a compact subset ofZ™. 

Proof. (1) By renaming the variables, we may assume that 

j=l-l,..., ^ ,1,...,1 J, with 1 < r < n. 

\ r— th place / 

Let £ = (&,...,£„) G Q£(j), with f 4 = mi e Z, m, < 0, w 4 6 Z p x , for 

i = 1, . . . ,r and £j £ Z p , for i = r+1, . . . ,n. Set m, = qiWi+ri, with < r, < — 1, 
for i = 1, . . . , r. Note that the gj's are negative. 

Claim A. If := max.; {— 1 < i < r}, then d(l^,j)^ S f7 n ,j- 

Since ijms + m, > 0, p lcWi (,i € Z p for i = 1, . . . , r, then 

d(i f> = (p'^l, • ■ • ,P hWr *ir,Zr + l, • • • ,fn) G Z£. 
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In addition, there exists io such that 1% = —Qi and 

ord(p l s Wi ° £ io ) = -q ia w io + m io = r lQ <w io -l. 

oo 

From Claim A follows that Q™ (j) C [j d (—1, j) U n j . To establish (1) it is sufficient 

1=1 

to show that 
Claim B. 

D (I, I', j) := d U n j n d (-1', j) U nJ = 0, if I I'. 

Assume that I'-l < and that £ = fa, ...,£„) £ D Then £ = d(-l,j) r\ = 

d (~l'>j) 7 f ! f° r some r], rf G U n 3 - and (I' — r\ = if , therefore p( l ~ l ^ Wi ri i = rfc 
for ji = — 1. Since there exists io, with j io = —1, such that ord(n io ) < Wj, — f, 
then Vj[ Q = p" ~ l ' Wi °rji and 

ordiv'io) = (I' - l)m + ord(r] io ) 
< (I' - l)w lQ + w io - 1 
<w io (l' -l + l)-l<0, 

contradicting £ Z p . 
(2) Note that 

U n j = {77 G Z"; orc%) < - 1 and ^ = -1 O i £ /}. 

IC{l,...,n},I^0 

By renaming the variables, we may assume I = {1, . . . , r}, 1 < r < n, then 

r 

{n G Z£; or<%) < - 1 and j, = -1 O ! e /} = [] p™ i_1 Z p X (Z p )"~ r , 

i=l 

which is a compact set, therefore U n j is compact subset of Z™. □ 
Set 

14 j := {77 G Z"; there exists an index i such that ord(r]i) < Wi — 1}. 
Set j = (1, 1, . . . , 1). Note that Q™ (j) = Z^ 1 . For i G N, define 
d(l,j): Z™ -> Z£ 

•••,£«) ^ (^lj-'-i^n), 

where 77; = p lWi ^i, for j = f , . . . , n. 

Lemma 3.6. Set j = (1, 1, . . . , f ), then the following assertions hold: 

00 

(1) Z£ = {0}U \Jd(lJ)V n j; 

1=0 

(2) V n .j is a compact subset ofZ™. 

Proof. (l)-(2) Let £ = (&,...,£„) G ZjJ, with £ = p m ^, m, > 0, e Z p x 
for i = 1, . . . , n. Set m t = gjttij + r^, with < < lUj — 1, i = 1, . . . , n, and 
:= mm{qi : 1 < i < n). The result follows by using the reasoning given in the 
proof of Lemma 13.51 □ 
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Lemma 3.7. (1) Let g (£) G Z p [£i, . . . , £„] 6e a non-constant polynomial satisfying 
(3.3) 5 (O = 0^e = 0. 

.Lei A C Q™ be a compact subset such that ^ A. There exists M = M(A,g) £ 
N\ {0} such that 

\g (0\ p > P~ M , for any^eA. 

(2) There exist a constant R £ N, and a finite number of points £j G A such that 
ifBu+i+R (&) := 6 + M+1+R Z p ) n , iften A = U^m+i+z? (&) and 



Is (01 



P lB A 



-«(S) = 



(5) 



/or every i. 

Proof. (1) By contradiction, assume the existence of a sequence of points of 
A such that |fi , (£^)| < P~ n , for n G N. Since A is compact, by passing to a 

subsequence if necessary, we have ->(g4, and thus £ ^ 0. On other hand, 
by continuity g (j^j — 0, contradicting (|3.3I) . 

(2) Let £, G A be a given point. Then 



g{l+P M+1 v)=9{ty+P M+1 hi fa), 

where hi (n) £ (Q p [77] satisfying hi (0) = 0. By continuity, there exists Ri £ N, such 
that if j] £ (p Ri Z p ) then (r])\ p < 1. Hence for any natural number i? > i?;, we 
have 



9 e 



for any 77 G (j3 fi Z p )" C (p fli Z p )™. Since A is compact, there exists a finite number 
of points £j G A, such that £» + (p M+1+i? Z p )™ for i = 1, . . . , fc, is a covering of A. 
We take i? := maxi<i<fc i?;. □ 

Proposition 3.8. There exist positive constants Aq, A\ such that 

(3.4) 4)5(0 < 1/(01*. < ^5(0, /or > P- 

Proo/. Since {£ £ Q"; ||£|| p >p} C Ui^i.i,...,!) Q£(j')> by Lemma EH it is sum- 
cient to show inequality (|3.4|) for £ G d(—l,j) U n j, for Z G N. By renaming the 
variables we may assume that 



— 1,..., —1 ,l,...,l|, with 1 < r < n, 

r—th place 

and that £ = (£1, . . . ,£„) = d(—l, j) 77, 77 = (171, . . . , Jfo) G J7„j, for some Z G N, i.e. 

^ ?7 l r/i £Z pi r + 1 < 7 < n, 

and, there exists an index such that 77i = pv" 1 * 0-1 )?;, u G Z*. 
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If r < n, we write / (£) = fj (fi, ...,&.)+* (fi, • ■ • , £n), where / 3 - (£1, . . . , £r) is a 
quasielliptic polynomial of degree c? with respect to w' — (wi, . . . , w r ). By Lemma 



fj (0 = Ei=i + M£)> therefore 

(3-5) l/(0l p -|p"^('7)+rtW| p , 

with ti (n) 6 Z p [rj], a < d, since r < n. By Lemma 1X71 if 2 > g~, then |/ (£)| = 
P ld \fj(v)\ p and 

P W in/ |/i(r?)| p <|/(0l p <P W sup |/ 3 - 

Since ||f || p > p M « , with Mq £ff \ {0} satisfying M > M(w ( 1 +J^+"'" ) , implies 
that I > -jz^, the previous inequality can be re- written as 

(3.6) p ld inf \f d (r?)| < |/ < p id sup |/j , for ||£|| > 

Note that by Lemma 13. 71 ml n£ ij n j \ fj (t))\ and sup^gj/ \ fj {f])\ p are positive 
numbers. 

We now take £ e satisfying ||f || p = p ! ° with 1 < Z < M . By (|3~51) with 

2 = Z one gets |/(£)| p = p M |ft,-,; (»?)| p , and by applying Lemma Oto (7?) 
and f/nj, 

(3.7) Ci(Z )p Iod < \im p <C2{k) P lad , 

for some positive constants C\ (lo), C2 (lo)- By combining (|3.6[) - ([3.7[) . we have 

(3.8) C lP ld <\f(0\ p <C 2P ld , 

for some positive constants C\, C%. 

If r = n, then fj = p~ lWi r]i, rji E Z for 1 < i < n and |/(f)| p = p H |/(f7)|p, and 
thus inequality (|3 . 8() holds. 

On the other hand, 

S(0=P ld l^l^ir + , for l<r<n, 

therefore 

(3.9) 3(£)<np irf , 
and 

(3.10) 3 (£)>/*( £ l^tf 

\ {i;ord(r]i )<iUi — l} 

> p ld min ( ^ p- 1 ^ ) > 

\{i:ord(r]i)<Wi—l} J 

where G\ is a positive constant. The result follows from inequalities (|3.8|l - ([3.120 . □ 
Proposition 3.9. There exist positive constants Aq, Ay, such that 

(3.11) A E (0 < |/ < (0 , /or < 1. 
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Proof. Set j = (1,1,..., 1). Since Z™ = U^ c?(Z, j)V n j, it is sufficient to show 
inequality (|XlT|) for £ G d(l,j)V n j for I G N. 

Set £i = p lWi rji for i = 1, . . . , n, with 77^ 6 V^j, since / is quasielliptic 

f(0 = f(p lWl m,---,P lw "r,n)=p ld f(ri), 

and /(£)lp = P~ ld \.f(v)\p- By using the fact that V n ,j is compact and ^ V^j we 
have 

p~ ld inf |/(r/)| p <|/(0| P <p-' d sup |/(tj)| p , 

with inf^ e y n j 1/(77) | p > 0. 
On the other hand, 

n , 

(3.12) m=p- id Y,h\p >p- ld c 2 , 

where C 2 := inf,, e y n } (j2" =1 \Vi\p* J > 0- Since 77 G we have 

(3.13) 5(0 < 77 P - M . 
Then 



^ in/ |/W| P <|/(0I P <^ sup |/(77)| p . 



As a consequence of Propositions I3.8ll3.91 we obtain the following result: 



□ 



Theorem 3.10. Let /(£) be a quasielliptic polynomial, then there exist positive 
constants Aq,A\ such that 

(3.14) A)S(0 < < A^iO, for any £ G Q£. 

4. Semi-quasielliptic polynomials 
Let (-, •) denote the usual inner product of R n . 
Definition 4.1. A polynomial of the form 

(4.1) F(tx):=f(0+ GQpKi,---,^], 

(fe,U)><d-l 

where /(£) is a quasielliptic polynomial of degree d with respect to w, and each 
Ck (x) : Qp — > Q p satisfies ||cfc(x)||L°o := sup^gQn \cu {x)\ p < 00, is a called a semi- 
quasielliptic polynomial with variable coefficients, or simply a semi-quasielliptic 
polynomial. 

Theorem 4.2. Let -F(£, x) be a semi-quasielliptic polynomial, then there exist pos- 
itive constants, Aq, A\, Mq (Mq G N), which do not depend on x, such that 

(4.2) A Z(0<\F(t,x)\ p <A 1 Z(0, /HICIIp >P Mo - 

Proof. We use all the notation introduced in the proof of Proposition [XU Without 



loss of generality we assume that j — | — 1, . . . , —1 , 1, . . . , 1 ] , with 1 < r < 

r— th place 

n, and set f G Q£(j). 
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If 7- < re, we write F(£,x) = fj (£1, • • • , + * (fi, • • • , £n) + Efe Ck(x)£ k , then 

\f(h,x)\ p = i P - w /i(»?)+p-' a *i(»/)+Ef" WhT » fc< *( a: )ii' 

fc 

= P [d \fM +p l{d - a h 1 (r 1 )+J2p l{d - Sk) V k c k (x)\ p 

k 

with a < d, since r < n, and <5fc = 5Zj =1 fciWi < d — 1 < d By Lemma 13.71 if 
I > max({^} UU fc { M+1 ° S ^t )lk ° C j y then \F&x)\ p = p'Vjiv)^ and 

P M in/ \fj(v)\ p <\F^x)\ <p ld sup \fi{rf)\ p . 
By using inequalities (|3.13[) and (|3. 12|) . we conclude 

=^ mf |/i(r?)| P <|F(e,x)| p <^ sup |/^)| p . 

On the other hand, if ||£|| p > p M °, and 

, v ([ M \ f M + log„||c(x)||io 
M > (wi H h iu„) max <^ UU fc J 



d — a j [ d — 5k 

since > ||^|| p) then we have / > max ( { ^ } U U fe { j ' / +'°sJI^)H^ } ) , 



and 



:„£ 1/ /IWf ^ "(0 „..„ |*.C»M 1 1 til \ Jfo 



(4.3) mf l/j^lp^re*)^-^ sup for ||e|| P >p 
If r = n, then 

= Ip-^-W +^p-'^r ? fc c fe (x)| p = |p~ w /i(»?)| p , 
fc 

for Z > max (u fe { ^'l^ff }) ■ If we choose > p M " with M > (u>i + 

> / f M+log ||c fc (x)|U«, \ \ , , / f M+log ||cfc(a:)||ioo \ \ 

• • -+w n ) max (U fe | j J , we have I > max (^U fe j j J 

and 

(4.4) =^ inf |/j(77)| p <|F(£,z)| p <^ sup 1^(7?) | P) for ||£|| p > p M °. 
The result follows from inequalities (|4.3jl -(|4.4 p . □ 



5. Pseudo-differential operators with quasielliptic symbols 
For a > 0, we set 

(/(£>; a)4>){x) := ^ (|/(OI£F*-efo)) , 

where a > 0, is a Lizorkin type function, and /(£) is a quasielliptic polynomial of 
degree d with respect to w. We call an extension of f(D;a) a pseudo-differential 
operator with quasielliptic symbol. 

In this section we study equations of type f(D; a)u = v, indeed we determine 
the functions spaces on which a such equation has a solution. 
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5.1. Sobolev-type spaces. 

Definition 5.1. Given f3 > and 5 (£) as before, we define for (p € S the following 
norm: 

IHIw,h)~II0IIH / s 2 ^)TO)(OI 2 d% 

$:={0G,S;.F(0)(O)=O}, 
and H(p^(Q™) := i/^ as the completion of ($, || • 1^). 

Remark 5.2. TTie space $ is i/ie Lizorkin space of the second kind introduced in 
0. 

Lemma 5.3. Set (3 > a. The operator 

f(D;a): -> ($, || • \\ P - a ) 

<P ^ /(£>;«)& 

is well-defined and continuous. 

Proof. Note that (p € <I> implies that f(D;a)(p £ <£>. The continuity of the operator 
follows from Theorem 13. 101 



\f(D;a)cj>\\l_ a = / B^-«)(0|/(0I^TO)(0l a ^ 



□ 



By density, we extend f(D; a) to ($, || ■ ||^) = .ff^. 
Lemma 5.4. Set (3 > a. The operator 

f(D;a): H fj -> ff^_ Q 

h-> f(D;a)ct>, 

is well-defined and continuous. 

Proof. By Lemma 15.31 it is sufficient to prove that Im(f(D;a)) C Hp_ a . Set 
G Im(f(D; a)), i.e. = /(-D; a)0 for some £ Then there exists a sequence 

{<pi} C $ such that (pi \\-\\p4>. Define 0i = f(D; a)(pi € by the continuity of the 
> 

operator f(D;a), we have f(D;a)<pi \\ ■ \\p-a f(D;a)<p, i.e. Bi || • [|s-a 0. hence 

>■ ► 

Theorem 5.5. Set f3 > a. The operator 

/CD; a): 2fy -> Ify-a 

i ^ /(D;a)0, 
zs a bicontinuous isomorphism of Banach spaces. 
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Proof. After Lemmas I5.3H5.4[ f(D;a) : Hp — > Hp- a is a well-defined continuous 

operator. We now prove the surjectivity of f(D]a). Set tp £ Hp_ a , then there 

exists a Cauchy sequence {<pi\ Q ^ converging to ip, i.e. ipi \ \ ■ \\p-a P- For each ipi 

> 

we define it; as follows: 

Then ui G $ and f(D; a)ui = (pi. The sequence {it;} is a Cauchy sequence: 

\\u, = / SV(0|^(u,)(0-^(«m)(f)| 2 d"€ 



Jo™ 



^(w)(0-^(Vm)(0 2 



1/(01? 

cf. Theorem 13.101 Therefore it; || • it € fljg. By the continuity of f(D;a), we 

have pi = f(D;a)ui \ \ ■ \\p-a f(D:a)u and by the uniqueness of the limit in a 
> 

metric space, we conclude ip = f(D; a)u. Furthermore. 

IIvIIjS-q = \\f{D\a)u\\p- a = lim \\f(D;a)ui\\p- a 

I— too 

<A?\\u\y, 

cf. Theorem 13. 101 which shows the continuity of f(D;a)~ 1 . 

Finally we show the injectivity of f(D;a). Suppose that f(D;a)u = has a 
solution u S Hp, u ^ 0. We may assume that \\u\\p = 1. There exists a sequence 
{it;} C <& such that it; || • \ \p it, in addition, we may assume that ||it;||,fl > \- Set 

pi := f(D:a)ui. It follows from the continuity of f(D;a) that ipi \ \ ■ \ \p- a 0. On 

> 

the other hand, by using Theorem 13.101 one gets 

2 = f yjaO-aJ/rtif/tMaa 



||Vj|||-a= / S^(C)|/(C)iri^K)(OW 

>^ Q / |^( W ;)(0|V^ = ^|h||2 >I^, 

which contradicts ¥>; || • 11,8— a 

0. □ 

> 

5.2. Invariant spaces under the action of f(D;a). Consider on Pip^Hp the 
family of seminomas {|| ■ \\p; ft £ N}, then ^T)p e jqHp, \\ ■ \\p] P € becomes a 
locally convex space, which is mctrizablc. Indeed, 



(5.1) p(x,y) = max c« 

{ l + \\x-y\\p 

where {cp}p^ji is a null-sequence of positive numbers, is a metric for the topology 
of X, see e.g. [TO] . 
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Since {cp}p^tq is a null-sequence, there exists c > such that cp < c for all 
j3 £ N, therefore 

> ~ 2/11/3 

N - 2/11/3 J ~ 



(5.2) p{x,y) = maxic 1+ — — \ < cmax{||x - y\\p}. 



Lemma 5.6. The sequence {x n } C Dp^Hp converges to y £ Hp^Hp in the 
metric p, if and only if {x n } converges to y in the norm \ \ ■ \\p for all f3 £ N. 



Proposition 5.7. ^ Se/ ($,p) /or i/ie completion of the metric space ($,p) ; and 
-ffoo := (n,ggN-ff^,p) /or t/ie completion of the metric space (Hp^Hp, p). Then 



as complete metric spaces. 

(2) HpenHp ^ and = (Hp^Hp, p). 



Proof. (1) Set 4> £ then there exists a sequence {</>;} C $ such that 0; 

By the previous lemma <pi \ \ ■ \\p <j> for each /3 £ N, i.e. £ Dp^Hp. Therefore, 



($,p) c {r)p £fi Hp,p) cjn 0e ®Hp,p). 

Conversely, set </3 £ TJoo, then there exists a sequence {ipi} C Hp^Hp satisfying 
tpi p tp. Then, for each ipi and for each /3 £ N, there exists an element (pp >m (i) £ 

such that ||^8, m (i) — ViWp < j+ii f° r an /3 £ N. Then 

< cmax\\<pp irn (i) - tpi\\p + p(ipi,ip) 

< c— + p(<pu<p) -> 0. 

where we have used inequality (|5.2[) . This shows that the sequence {<Pp m (l)} — ^ 
satisfies tpp. m (X) P V, and thus tp £ (<fr,p). 

(2) It follows from the first part. □ 

Proposition 5.8. The operator 

f(D;a): -> 

<j> ^ f(D;a)<t>, 

is well-defined and continuous. 

Proof. Set £ Hoo = (n^^H^, p). Take 7 = (3 + a, with (3 > 0. By using Theorem 
[HU we find that f(D;a)(j> £ ff/j for all /3 > 0, thus, f{D;a)cf> £ (T\£ €N Hp, p). 

In order to prove the continuity of the operator, let {</>/} C H-y^H^ be a sequence 
such that p{4>i, 4>) — > as I — > 00, with £ n 7e N-ff 7 . By Lemma [576l 1 1 0; — 4> \ | 7 — > as 
I -> 00 for all 7 £ N. Take 7 = /?+«, with /3 > 0. Then \\f(D; a)<j)i -f(D; a)<j>\\p -> 
(cf. Theorem 15. 5p . Therefore, p(f(D; a)cf>i, f(D; a)<f>) — > as £ — >■ 00 (cf. Lemma 
15. 6p . and thus the operator defined over (C\p e jqHp, p) is continuous. □ 
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Theorem 5.9. The operator 

f(D-a): -> H x 

is a bicontinuous isomorphism of locally convex vector spaces. 

Proof. After Proposition [531 the operator f(D; a) : H^ — > Hoc is well-defined and 
continuous. We now prove the surjectivity of f(D;a). Set <f) £ Hoo, then there 
exists a Cauchy sequence {&} C $ satisfying ^ p <j). For each </>; we can define ui 

as in the proof of Theorem 15.51 

^ (UI )( € ) = |W' 

Then {it;} C $ is a Cauchy sequence in each norm || • ||^ and therefore is a Cauchy 
sequence in the metric p. Therefore there exists u 6 such that ui p u, then by 

using the continuity of the operator, cf. Proposition 15. 8[ we have 4>i = f(D;a)ui 
p f(D;a)u, i.e. f(D;a)u = <j>. The continuity of f(D;a)~ 1 is established as in 



the proof of Theorem 15.51 

Finally, we show the injectivity of f(D;a). Suppose that f(D;a)u = has a 
solution u € Hoo. Since H^ = Hp^Hp, cf. Proposition 15. 7\ f(D;a)u = in all 
Hp, by the proof of Theorem 15.51 we know that it is possible only for u = 0. □ 

Remark 5.10. The Taibleson operator D^, with a > 0, is defined as Dj,<f>(x) = 
•^f-L (llCllp ?x-+t (4>)j for 4> £ S. The operator 

Dj" ■ Hqq > i?cc 

<j> i-» D%4>, 

is a bicontinuous isomorphism of locally convex vector spaces. The proof of this 
results is similar to the one given for Theorem [57 



6. Infinitely Pseudo-differentiable Functions 
6.1. A Family of infinitely pseudo-differentiable functions. Set 

fiz 0) 



1 if \\x\\ p <p l 
if \M p >P l , 

for I e Z, and tp r j (x) := T~ x ((1 - Sl_ r (£)) e'^^ 1 ^ for r G N\ {0}, t, a > 0, 
and w, t (x) := T~ x ((1 - ft_ r (£)) 0/ (f) e - t|/(5)l ?) for r £ N\ {0}, I € N, with 
Z > r, and Z (re, t, a) := Z (x, t) = f Qn * (x ■ f) e~ t|/(5)l ?d"C- 

Remark 6.1. Lei C L 2 and 9 e L 2 . We recall that if 

(6.1) Urn / - ^)(0| 2 ^ = lim / \0,® - 0(£)| 2 d™£ = 0, 
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then by the Chebishev inequality 

Kmvol({ZeQZ-,\6 l ($-9(0\>5})=0, 



for any S > (here vol (A) means the Haar measure of A), i.e. 81 measure 8 as 
I — > oo. We also recall that if 

<pi measure ipo and tpi measure tp\, 

then (fo = (f\ almost everywhere. 

Lemma 6.2. With the above notation, ipi, r ,t (x) £ 

Proof. Note that the support of F(<Pi, r , t ) (0 is A := e ®%;p~ r+1 < U\\ p < p 1 }, 
which is a compact subset. By applying Lemma 1X71 (2) to / and A, we get a finite 
number of points £j G A, such that 

<pi,r, t (a?) = ^ e -*l / ^)l"f2 M+fl+1 (e - 6 

which shows that tpi. r ,t {%) € □ 

Lemma 6.3. With the above notation, the following assertions hold: (1) {fi. r ,t}i 
is Cauchy sequence in H^, (2) tpi ir ,t measure c/? r ,t as Z — > oo. 

Proof. (1) Take m > I > r, then \\(p m . r ,t — <£>i.r,t ||« equals 

~ 2 ^)| (1 - n_ r (0) (0 e-*"«>IZ - (1 - (0) fii (0 e -*'^l° ^ 



<ll«ll p <p m 



p J+1 <neL<p' 

< 



IICII p >p ,+1 

lien >p i+1 



where in the last inequality we use that H(£) < n ||£|| p T,,n,{ "' s} for ||£|| > 1 and The 



2/3d 



orem 13.101 Now, since /«„ H^Hp™*^*^ e 2j4 o*llfll P < by us i n g the Lebesgue 
dominated convergence lemma, one gets 

\Wm,r,t - <Pl,r,t\\p ~> as m, I ->■ oo. 

(2) By Remark (|6.1|) . it is sufficient to show: 
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lim / 1 (i - n_ r (0) n, {o e - tlf ^ - (i - n- r (0) e- t|/( « }| p | 2 <T£ 



< lim / e-^^f^ = 0, 

!->oc J 

{«;IICII p >p 1+1 } 

f _9.4 a f||t , || at ^ 

by Lebesgue dominated convergence lemma and J Q „ e ~^ 1 ° l||sl| p cT£ < oo. □ 

Theorem 6.4. (%) p r>t (x) € H^, for any r G N\ {0}, i > 0. (2) Z (x,t) G #oo, 
/or any i > 0. 

Proof. (1) By Lemma l673l (l). {v?z jr .t}; is Cauchy sequence in H^, i.e. </J;, r ,t || • | \p 

for some yp G -ffoo and any f3 G N. For /3 = 0, this means <pz, r ,t G L 2 , and by 

Remark 16.11 



<pi. r ,t measure tp as I — > oo. 
On the other hand, by Lemma 15751 (2), 

y>i,r,t measure yv it as Z — > oo, 

and then by Remark l6.ll <p = <y9 r .t almost everywhere, which implies that ip r>t G -Hoo- 
(2) We first note that {<p r ,t} r is a Cauchy sequence in ||-||^, for any (3 G N. 
Indeed, set r > s, since 

<Pl,r,t <Pr,t as / oo, and (p m ,s,t \\-\\p <p a ,t as m -> oo, 

by the first part, we have 

ll^r.t - <Ps,t\\ft = lim lim \\<Pl,r,t -<Pm,s,t\\a 

1 l— >0O TO— >O0 ^ 

= lim lim /"a^(0|7-( WlP , t )(0-J 7 (Vm,.,t)(0| 2 d n €- 

l— J-OO TO— S-OO J 

We now note that 

S^COI^W,*) (0-^(Vm I .,t)(0| a <4S^(0e- at "^IJ Gi 1 , 

for any ct,0,t > 0. By using the Lebesgue dominated convergence lemma and 
Theorem 13.101 



br,t -v.,tii; = y s^(oi^(vr,t) (o-^(^,t)(or^ 

/ S^COc- 3 *^^'?^ -»• as r -»• oo. 



p" s <II?II b <p" 

< 
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Therefore tp r> t \\-\\p tp, for some tp 6 Hoo, for any (3 £ N. By taking j3 = 0, we 
get </? r t measure £>. 

On the other hand, by reasoning as in the proof of Lemma 16.31 one shows that 
tp r .t measure Z(x,t) as r — > oo, and then Z{x,t) £ Hoo- □ 

Remark 6.5. By using the technique above presented one shows that 

((1-Q_ r (£)) e -*II*) (°-^ 

for r £ N, t > 0, a > 0. 

6.2. Regularization Effect in Parabolic Equations. 

Lemma 6.6. Let p £ S and £ Hoo H X 1 . TTien <p * 9 £ H^. 

Proof. There exists a sequence {6*/} C $ such that 9i \\- \ \p for any f3 £ N. We 

claim that {<£> * 0/} is a Cauchy sequence in || • \ \p, for any j3 £ N. Indeed, let m > Z, 
then 

< C (ip) \\9 m ~ 0i \\ 2 p -4 0, as m, Z -> oo. 
Thus, there exists G iJoo such that ip * 9i p 9. By taking /3 = this means 
tp * 0i L\0 £ L 2 , and by Remark O 

ip * 0i measure as Z — > oo. 

On the other hand, 

lim /|¥>*0 I (O-V*0(O| 2 <* B £ 



lim i^(v)(ori^(ft)(f)-^(f)(oi 

(— >-oo 



< CM lim / |^(fli)(0-^W(0| a ^ 

t— >oo 



< CM lim - ef L3 = 0, 



since 9i \ \ ■ \\a 9 for any [3 £ N. Now by Remark |6. 11 we have 
> 

ip * 9i measure ip * as Z — » oo. 
Therefore = ip * 0, almost everywhere, which implies that ip * £ Hoo- D 
Lemma 6.7. ) Let £ Hp (1 L 1 for any (3 £ N. Set 
To: (5,11-H^) -> (tf/s.lHl/j 
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for P £ N. Then tp * £ Hoc. Then Tg is a linear continuous mapping for any j3 £ 
N. 

(2) The mapping Tg has unique continuous extension from L 2 into -Hqo- 

Proof. Since iJoo = Pip^Hp, cf. Proposition 15.71 f2). and by using Lemma 16.61 we 
have Tg is well-defined. Let {0{\ C <& be a sequence such that 

(6.2) 6>; 1 1 • \\f 3 9 for any (3 £ N 

► 

as in the proof of Lemma 16.61 Then 

||<p*0||i = lim 11^*^)11 

= lim / S^(0|^(^)(0| 2 |^(^)(e)| 2 d n e 

On the other hand, taking /3 = in (|6.2[) . one gets J 7 (6 1 ;) L 2 ^ J 7 (6 1 ), and by Remark 
lim u /({eeQ^;|J-(^)(e)-Jf(6') > = 0, 

t— >-oo 

for any (5 > 0. Fix e, 8 > 0, then there exists lo G N snch that 

(6.3) wZ (Vj, z ) wZ ({^ 6 Q^; | "F (0 - ^ W (01 ><5}) < C for Z > i - 
Now, 



i— voo 



/ 

| s 2 ^ (Ol-F(v) (0l 2 TO)(0l 2 <*"£ + 
s 2 ^ (0l 2 TO)(0|V£ 



= lim (/i +7 2 ). 

Z— »-oo 



We now consider limj_yoo I\ . Since S 

2/3 (0 l-^(^) (01 (01 is a continuous 

function with compact support, 

lim h < I sup S 2 ^ (0 \?(<p) (0I 2 TO) (ON lim vol (V S>1 ) = 0. 

We now study linn^oo I 2 . Since 9 £ L , then J 7 (0) (0 uniformly continuous and 
(01 ^0 as IIOIp ~~ ^ 00 (Riemann-Lebesgue theorem), from these facts follow 
that \T(0) (0 | 2 <C{0). Then 

lim / 2 < / S 2 * (0 TO) (0I 2 (TO) (0 - TO (01 + ITO (0I) 2 ^ 



I— >oo 



< 



(5 + C (tf)) 2 1 S 2 ^ (0 TO) (0I 2 ^ = (6 + C {0)f 
In conclusion, 

\\v*e\\f> < (5 + C{0))\M fi ,ior any/3eN. 
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(2) By the first part, using the fact that S is dense in L 2 and that Hoo = npejqHp, 
we obtain a unique continuous extension Tq : L 2 — > Hoo- □ 

Example 6.8. The mapping T : L 2 —> Hoo, <f> <fi * Z(-,t), for any t > 0, is 
continuous, since Z(-,t) G L , for any t > 0, see [T31 Corollary 1]. 

Let Cb (Qp,C) denote the space of continuous and bounded functions from Q™ 
to C. 

Theorem 6.9. Let f (D,a) be an elliptic pseudo- differential operator. If L 2 (Qp)fl 
Cb (Qp, CJ, then the Cauchy problem 

f ^ + (/(fl l a)«)M = MeQ^>o, 

(6.4) I 

[ u (x, 0) = if (x) , 

has a classical solution: 

u(x,t)= / Z(rj,t)(p(x-rj)d n i], 



which belongs to Hoo, for every fixed t > 0. 

Proof. The fact that the initial value problem (|6.4p has a classical solution follows 
from Lemma 5 in |13j . which requires an estimation for Z (x, t) showing its decay in 
space and time, such estimation is only known in the case in which / is quasielliptic 
of degree d with respect to (1, . . . , 1), see [131 Theorem 1 and Corollary 1]. The 
fact u (x, t) G Hoo (Qp) , for t > 0, follows from LemmaO (2). □ 

Remark 6.10. Theorem \5.9\ is valid for the Taibleson operator, i.e. if we replace 
the operator f (D, a) by D!f, in the statement of Theorem \5.9l then announced 
conclusion is valid. The existence of a classical solution follows from the results of 
[8], and the fact that u (x, t) G Hoo follows from Lemma ] 6. 6\ and Remark 1 6. 51 

7. Pseudo-Differential Operators with Variable Semi-Quasi-Elliptic 

Symbols 

In this section we consider pseudo-differential operators of the form 

F(D; a; x)4> := r-\\F£, x)\% ?(<!>)), 

where a > 0, is a Lizorkin type function, and with F(£, x) as in (|4.1[) . We call an 
extension of F(D; a; x) a pseudo- differential operator with semi- quasielliptic symbol. 
In this section we determine the functions spaces where the equation F(D; a; x)u = 
v has a solution. 

7.1. Sobolev-type spaces. 

Definition 7.1. Given j3 > and 3 (£) as before, for <j) G S , we define the following 
norm on S : 

= f [max(l,~(0)PTO)(0|V l £. 



imi(/3,E) 

Set 



$a/„ :=W€S;7Wk =0}, 



20 



J. GALEANO-PENALOZA AND W. A. ZUNIGA-GALINDO 



where B Mo (0) = {£ 6 Q"; ||£|| p < p M °}, and i/ie constant M comes from inequality 
We define H(p t M ) as the completion of ($m , II • 1 )■ 

Remark 7.2. Ifj<0, then ||0|| (7 h) < Il0ll(/3H) for all </)£$. Also, \\<f>\\ L * < 
\\<t>\y,s) for allf3>0. 

Lemma 7.3. (1) If [3 > ""»■*{"*} , ften 7(0) := J Qn [max(l, S(£))]" 2 ^ n £ < oo. 

Af ), i/ien is a uniformly continuous function. 

Proof. (1) We first note that 



(7.1) H(0>||ap mWCiWj ,for ||C|| P >1- 

On the other hand, 

1(0) = J [max(l,S(0)]- 2/3 d"e+ J [max(l,S(0)]- 2 ^C 

nen„<i ra„>i 

:=/!(/?) +/ 2 (/3). 

Since [max(l, S(£))] -2 " is a continuous function, ii(/3) < oo. We now note that 
> 1 implies H(£) > 1, and by (|7.1|) . one gets 

ii«n P >i 

and this last integral converges if — — r > n. 
(2) It is sufficient to show that IF (<j>) £ L 1 : 



\F{4>) {0\d n i<U\\ B VW)<^- 



□ 



Theorem 7.4. Set (3 > a. The operator 

F(D;a;x): H [j3Mo) -> iJ ((9 

M> F(D;a;x)(p 

is a bicontinuous isomorphism of Banach spaces. In addition, if j3 > a+ " ma *^"' 1 
and (/) G H(p t M )> then <p is a uniformly continuous function. 

Proof. By using the same ideas given in the proofs of Lemmas (|5.3p - (|5.4j) . one 
shows that the operator F(D;a;x) : Hip^o) H(p-a,M )i f F(D;a;x)<p is 
well-defined and continuous. In order to prove the subjectivity, set (f> S H^ Mo ^ 

then there exists a Cauchy sequence {</>;} C $ converging to 4>, i.e. <pi \ \ ■ \ \p <f>. For 

> 

each (\>i we define m as follows: 

( ZiiiML \\f\\ > „m +i 

\o lia<p Mo - 
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By using the argument given in the proof of Theorem 15.51 one gets that {ui } is 
a Cauchy sequence, and if u = lim;_s. 0O ui, then F(D; a; x)u = <f>. The injectivity of 
F(D; a; x) is established as in the proof of Theorem l5.5l Finally, the last assertion 
is Lemma \7. 31 □ 

7.2. Invariant spaces over the action of F(D;a;x). We consider n^ 6 N^(/3,M ) 

as a locally convex space, the topology comes from the metric (|5.1I) . Set -ff^Mo) := 

(n / 9eN-H'( i 8,Afo)>P) for tlie completion of (n^eN-H^Mo)) p), and ($m , p) for the com- 
pletion of (<&M ,P) ■ 

Propositions 15 .7 1 15 . 81 and Thcorcm l5.9l have a counterpart in the spaces H^^ Mo j, 

H(oo,m )i an( i the corresponding proofs are easy variations of the proofs given in 
Section l5~2l For instance, 

-ff(oo,M ) = {®M ,p) = pi h {j3Mo) 

as complete metric spaces. By Lemma [7.3l all the elements of -ff(oo.A/ ) arc uniformly 
continuous functions. The proof of the following results follows from Lemma 17.31 
by using the proof of Theorem l5.9[ 

Theorem 7.5. The operator 

F(D;a;x): -ff(oo,Af ) -> #(oo,M ) 

(f> i y F(D;a;x)(j), 

is a hicontinuous isomorphism of locally convex vector spaces. 
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